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THEORY OF CROSS FIELD DEVICES AND A COMPARATIVE
STUDY OF OTHER RADIATION SOURCES*

I. Introduction

Magnetron is a widely used radiation source [e.g., radar, microwave

oven, etc.,]. It was developed very early but is perhaps the most

1-3
complicated one to analyze theoretically Design studies have largely

relied on empirical experiences and on the two formulas, the Hull condition

and the Buneman-Hartree condition, which were derived almost half a cent-icy

ago. Modern advances in electronic computing still have not provided

sufficiently accurate models to confidently predict or explain the

multiple facets usually observed in experiments. Such a state of imperfect

understanding of the magnetrons remains in spite of the strong efforts of

the many leaders of the field. Resurgence of interest in cross field

devices is, in part, triggered by the more recent developments of high

4 5,6
power diodes and relativistic magnetrons

Much of the difficulty in a theoretical study of magnetrons lies with

their complex geometries. Controversy already emerged at the very first

step: What should be taken as the basic motion of the electrons In a

smooth bore magnetron, in the absence of rf fields? Should one take the

highly idealized model of laminar flow or should one really need to use the

more complicated "multi-stream" model, in which the electrons follow

cycloidal orbits which commence and finish on the cathode surface? To this

date, a definite answer still has not emerged, but general opinion seems to

be more in favor of the laminar flow model, especially prior to full

oscillation. Note that the underlying words above already indicate

considerable simplification. In fact, in virtually all existing analytical
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theories, the presence of corrugated structure is assumed to have no effect

7
on the unperturbed motion of the electrons . The wall corrugation enters

only in the rf modes which are supported [Fig. la]. It is possible that

such an assumption, made for convenience of analysis, has already

eliminated a significant amount of interesting physics. lOne needs not go

very far to see this. For example, it is the periodicity introduced in the

streaming motion of the electrons in the equilibrium state (by a magnetic

wiggler) which is responsible for free electron laser action as is

explained elsewhere in this volume.)

Another feature which contributes to the complexity of magnetrons is

the fact that the electron-emitting cathode is part of the interaction

circuit. This differs from many other microwave devices such as gyrotron

3 9 10 11
klystron , free electron laser , gyromagnetron , peniotron , etc., where

the interaction region is separated from that of beam generation. The

control of gun noises and "beam quality" becomes problematical. This, of

course, is just the reason why the beam cannot be well-characterized as

described in the preceding paragraphs. This problem of equilibrium-

modelling appears to be an intrinsic difficulty for theorists, in those

microwave sources where the rf draws directly from the electrostatic energy

of the system. lAnother case in point is the more recent invention of

orbttron1 2 , where the unperturbed orbits cannot be controlled, thereby

leading to a variety of interpretation and interaction theories. See below

for more detail.) Actually, this may well be at: advantage as far as the

utility of these tubes is oncerned. Such a tube should be rugged when

operational, since the petfonmatice is not c'it i call y dependent on whet he --

tihe beam has a supert beam quality. This insensitivity to the electio

beam quality is in matked (ontiast to th(, mote "delic(ate" iadiation owii(-,

such as travelling wave tubes, free vlection lasels, etc.

'
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The magnetron circuit supports a variety of electromagnetic modes.

The multiplicity of modes, together with the uncertainties in the

electronic motion, greatly reduces the predictability of beam-circuit

interaction. In fact, whether the beam-circuit interaction analysis, using

the standard technique of impedance matching, is adequate at all in

describing magnetron operation, has been questioned from the beginning.

This concern was not without basis and was reviewed by J. M. Osepchuk on p.

275 of Ref. 2. It perhaps explains why the theory of magnetron lags behind

those of the more modern devices mentioned earlier. But it also means that

the full potential of high power radiation sources driven by direct

conversion (from potential energy) remains to be realized.

With this caveat, we shall only give here an elementary exposition of

some aspects of cross field devices. The laminar flow model will be

adopted. The operating conditions will be given in the next section, to be

followed by a qualitative description of the mechanism of energy transfer

in cross-field geometries. The rf generation is a result of the interplay

of wave-particle synchronism, phase focusing, conversion of both

electrostatic and kinetic energy of the beam through its transverse and

longitudinal motion in the rf fields supported by the corrugated walls.

Some (but not all) of these features are shared by other more contemporary

microwave sources such as orbitron, gyrotron, peniotron and gyro-magnetron

and will be discussed in Sec. III. In fact, the comparison among these

various devices form an integral part of this Chapter. This can be

achieved by the use of highly idealized models which will be described in

Sec. IV and V. Despite its scope, the exposition is self-contained, and a

minimal amount of mathematics will be required. Detailed justification and

extension of the theory will be referred to when the occasion arises. Some

of the topics discussed are still under active investigation.

3L



II. Brillouin Flows, Hull Cut-off Condition, and Buneman-Hartree

Oscillation Condition

The laminar flow model which has been studied extensively in cross

field devices is the Brillouin flow. It is basically an ExB drift,

ignoring the cycloidal motion of the electrons [Fig. 11. It is the mean

flow field of the electron cloud with which the rf interacts over a long

time scale. Although the Brillouin flow is difficult to achieve

experimentally, recent particle simulation of magnetrons show that the

space charge distribution and the electronic motion contain a large

component of the Brillouin flow, especially during the start-up stage. In

the absence of curvature effects, consideration of the planar Brillouin

flow immediately leads to the Hull cut-off condition and the Buneman-

Hartree condition. These conditions determine the range of voltage (at a

given magnetic field) in which a magnetron operates. When curvature and

relativistic effects are included, the derivation would be more involved,

but the main features of these conditions remain unchanged.

one 3-hould keep in mind the assumptions used in the derivation of the

Brillouin flow: (a) The flow is laminar, and is parallel to the sole.

(b) There is no variation in the direction of the flow. Thus, spatial

Inhomogeneity associated with the corrugated structure is ignored.

(c) All electrons are emitted from the cathode with zero velocity and zero

energy. In the derivation of the cut-off condition and the oscillation

condition, the rf fields, when present, are assumed to have infinitesimally

small amplitude, and thus all fields are essentially static. (The last two

assumptions are also used when these conditions are derived from single

particle motion as in the case of a cylindrical model.) The generalization

to cylindrical models with relativistic effects will be indicated.

4
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For simplicity, we shall first consider the planar, nonrelativistic

model. The governing equations for the system depicted in Fig. lb read

v = x v(y) (1)

-1ejV + 2 m 2 = 0 (2)

S= 1 V= -E o /B . (3)
B 0 ay

Equation (1) follows from assumptions (a), (b), and (2) from assumption (c)

of the previous paragraph. Equation (3) accounts for the force balance in

the flow field. Here v(y) is the flow speed and V=V(y) is the voltage

distribution with V(O)=O at the cathode, e is the electronic charge, E 0 is

the electric field consistent with the space charges and B is the

external constant magnetic field. The diamagnetic field is ignored.

Upon differentiating Eq. (2) with respect to y and eliminating aV/ay

according to (3), we obtain a solution for v(y):

v(y) = Wcy  (4)

where wc = eIB0/m0 is the cyclotron frequency. In obtaining (4), we have

used the boundary condition v(0)=O. The voltage distribution reads

2
1 m0v 1 mo 22 (5)

V(y) 2 e fT T[ 'y

and the electric field is

Eo(y) = - 2 o 2 (6)O(Y T Twcy'

The charge density is

E m 2
Po = En 3y - e Wco

which may be written as

5
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2 2

where up = (poe/moc o) 1/
2  is the the plasma frequency. Note that the

laminar flow condition demands the condition w p=wc be satisfied.

Given separation D, operating voltage V and magnetic field B0 , the

thickness H of the space charge layer [Fig. lb) may be calculated. Note

2first that the electric field equals to -m °  between the region y=H

and y=D [cf. Eq. (5)]. Then the total voltage drop becomes

m w2H
oc H

V(H) + 7 (D - H) = A B H(D -(7)

Solving for H, we obtain

H D[l -(1- V/V)J, (8)

where

1 -BD (9)Vc 2 m°  o D
0

is the Hull cut-off voltage.

Thus, the Brillouln flow is characterized by a velocity field of

constant shear [cf. Eq. (4)], and by a constant charge density extending

from the cathode to a distance H, which is given by (8) in terms of the

voltage V, magnetic field B and anode-cathode separation D. The electron
0

density satisfies w =wp c .

The Hull cut-off voltage Vc has the following interpretation. It is

the maximum voltage, at a given magnetic field, allowed for magnetic

insulation, i.e., for prohibiting the electrons from reaching the anode.

This can be seen by setting H = D in Eq. (7). The parabolic dependence of

V on B [cf. Eq. (9)] is sketched in Fig. 2. For parameters below t e
c o

Hull parabola, the magnetron is insulated. The same condition (9) is

6
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obtained from single particle orbit considerations. An electron emitted

from rest at the cathode will not be able to reach the anode if V<V, if

the fields are time independent and azimuthally symmetric.

An alternate form for Eq. (8) is

H = D {1 - [1- B/)'12,

where

moV .1/2

is known as the Hull cut-off magnetic field. It is the minimum magnetic

field required for magnetic insulation at a given voltage. When the

operating voltage V is small compared with Vc, we may approximate (8) as

2 c o 0

which shows that the space charge layer thickness increases linearly with
2

the voltage, but decreases as 1/B0  as B increases. If the operating

voltage is only 1/2 of the Hull cut-off voltage, the space charge layer

occupies about 1/4 of the width of the gap. It is easily shown from

Eq. (8) that as V 4 Vc, magnetic insulation is rapidly diminished.

For effective transfer of energy from the electrons to the rf, there

must be synchronism between the rf wave and at least some of the electrons

in the sheath. Since the ExB drift of the electrons within the sheath has

a maximum speed, for rf with phase velocity vph to be synchronized with the

electron at a fixed magnetic field, the voltage cannot be too low. For

then the space charge layer thickness H would be small, and even the

maximum electron speed wcH would be below vph [cf. Eqs. (4), (8)]. This

minimum voltage, above which a magnetron may oscillatp, is called the

Buneman-Hartree threshold voltage and is determined in the present case

simply by

7
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v(H) = Vph. (11)

Upon using (8) and (4) in (11), the threshold voltage then becomes

m

V =BDv 0 v2 (12)
BH = oDph -2-T Vph

which depends on the phase velocity of the mode under consideration. This

threshold voltage is also shown in Fig. 2. It can easily be shown that,

regardless of the phase velocity, the straight line representing the

threshold voltage in Fig. 2 is always tangent to the Hull parabola.

When both relativistic and cylindrical effects are included, the Hull

cut-off magnetic field and the threshold voltage are modified. Tf we use

D, to represent the equivalent gap width (b -a )/2a, [cf. Fig. la], the

Hull cut-off magnetic field becomes

mo - (eiv 2]1/2
BH = "e + ( c)](lOa)

c2  "c

0 0

and the threshold voltage (12) is modified to read

VBH BDV c 1 2. (12a)B 0 * ph ]W Te [1 ~c J

This relativistically correct threshold voltage was obtained by Walker 1 3

using a Hamiltonian description of orbits. When this threshold voltage is

maximized with respect to the phase speed, the cut-off voltage [Eq. (lOa)]

is obtained. Again, the threshold voltage curve is tangent to the cut-off

voltage curve as in Fig. 2. Magnetron oscillation takes place when V and

B lie between these curves, but usually closer to the Buneman-Hartree

threshold voltage6. Note that (10) and (12) are recovered from (lOa) and

(12a) in the nonrelativistic limit c - . There are recent modifications

of these voltages, including the effect of diamagnetic current and axial

8
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15
current . All of these derivations made three key assumptions: (a) the

external field is azimuthally symmetric, (b) the amplitude of rf is so low

that the energetics of orbital motion is not affected, and (3) the fields

are time independent. In practice, none of these assumptions are valid.

We refer to the Chapter by Benford 16  for a detailed discussion of the

experiments and these conditions.

The validity of the old concepts outlined above has been tested in

computer simulations. A. Palevsky5  recently developed a two-dimensional,

time-dependent, fully electromagnetic and fully relativistic particle

17
simulation code to model pulsed relativistic magnetrons1 . Some of the

simulation results are shown in Figs. 3 and 4. Figure 3 shows the contour

levels of charge densities at an early time, before oscillation starts.

The arrows label the theoretical Brillouin layer. The corresponding

velocity profile (not shown) follows the Brillouin flow to within a few

percent. The contour plot at a much later time (when oscillation is fully

developed) is shown in Fig. 4. The spoke formation is evident. Note that

the spatial extent of the sheath is approximately given by the Brillouin

layer even at this late stage when the beam-circuit interaction is highly

nonlinear. The velocity profile corresponding to Fig. 4 contains

considerable spread about the theoretical Brillouin flow, and confirms the

considerable back-bombardment of electrons at the cathode18 . These

simulation results do show that the electron flow is a mixture of Brillouin

flow and a somewhat weaker multi-stream component. They also corroborated

the suggestion, made by Buneman 19 a long time ago, that the instabilities

associated with such shear flows may play a key role in the start-up of

magnetron oscillation. We shall return to the stability of the laminar

flow later.

p.

9
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III. Gain Mechanism in Cross Field Devices and Comparison With Other

Radiation Sources

In this section, we describe in a qualitative manner the transfer of

electron energy (kinetic and potential) to the rf. We shall bring out

certain features which are unique to the magnetron configuration. We

shall also contrast several other microwave sources which share some, but

not all, of these features. A simple theory using a beam model which is

often adopted for all of these radiation sources will be given in the next

section. A"

If the externally imposed voltage and axial magnetic fields are

sufficiently strong, the average motion of the electrons is approximately

the ExB drift. The curvature effect of the magnetrons is secondary in

importance, and one may consider a planar model as shown in Fig. 5. Let us

consider the action on electron A due to the combined DC fields E, B0 , and

an rf electron field E1. The rf electric field is assumed to have a phase

velocity approximately equal to the unperturbed drift velocity v0 of the

electron, and to have a phase shift of n from one cavity to the next, as

shown in Fig. 5. The rf electric field E affects the motion of electron A

in four ways (a) It retards the drift motion of the electron because E

and v° are in the same direction. (A carries a negative charge). (b) The

E 1XB0 drift brings test electron A upward, to a location closer to the wall

corrugation (anode), where the rf field is stronger. (c) As a result, the

drift motion is retarded further, and by conservation of energy, this

energy is converted to rf. (d) More importantly, as electron A drifts

toward the anode, it experiences a loss of potential energy associated with

the DC electric field. Again, conservation of energy requires that the

potential energy be converted to the rf. These processes continue until A

hits the anode.

A-

10
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Consider now the action of the rf electric field on test electron B

[Fig. 51. Test electron B is accelerated by the field. But this

acceleration is weakened gradually since the E 1XB0 drift brings electron B

downward, toward the cathode where the rf electric field is weaker. Thus,

while electron B gains energy from the rf, on the whole, the amount of

energy it gains is less than the Pmount of energy electron A would lose to

the waves, and the rf signal grows. Note that this rf growth is at the

expense of both the kinetic and potential energy of the electron, the

potential energy giving the dominant contribution.

The configuration shown in Fig. 5 also demonstrates the interesting

property of phase focusing in magnetrons. Suppose now the phase speed vph

of the rf is slightly less than the drift speed v0 of the electrons. At a

later time, electron A will advance ahead of the wave, reaching a position

near P relative to the wave. Near P, E1 opposes E0. Therefore, the

electron drift velocity (E o+EI )xB is lowered, thereby reducing the

difference between vph and the drift velocity. This effectively brings the

electron from position P back to the original position A. For electron B,

since v° > vph, at a later time, it reaches position near Q with respect to

the wave. Near 0, E1 is in the same direction of E0, therefore, the

combined drift velocity (E I+E ) x B is increased, enlarging the difference

between the drift velocity and the phase speed of the wave. In othei

words, electrons like B, which gain energy from the rf, are quickly put out

of synchronism, whereas electrons like A, which give energy to the rf, will

continue to do so until they reach the anode.

The same argument applies when v <v . For example, if v < v'o ph o ph

electron A will lag behind the wave, moving to a position near 0 with

respect to the rf. At 0, the drift speed (E I+Eo)xB increases since F.

P

0'%.



reinforces E 0 there. This effectively brings A closer to synchronism with

the wave than was originally.

From the description of the last two paragraphs, one sees that there

is a built-in phase focusing for the "favorable" electrons, (like A which

gives its energy to the rE) and a phase defocussing of the "unfavorable"

electrons, (like B which gains energy from the rf). It is this built-in

focusing property which is largely responsible for the high efficiency of

magnetrons. It is the reason why charge spokes are formed [cf. Fig. 41 and

is perhaps a physical basis for the construction of nonlinear soliton

solutions2 0 which are shape-preserving.

The rather fascinating interplay between DC and AC electric fields,

drift motion and the presence of corrugated structure in a cross field

configuration can be contrasted with other microwave sources which share

some of these features. We have in mind the peniotron, otbitron, gytotron

and gyromagnetron. All of these devices are currently under active study.

They were invented more than twenty years after the magnetrons were put in

service. In a sense, they are much "simpler" devices.

A model of peniotron1 1 is shown in Fig. 6a. It consists of an annular

electron layer rotating inside a ridged waveguide. This beam is guided

only by an external magnetic field. This system diffets fhom a magnetion %

in that the rf energy derives from the kinetic energy of the electron beam.

the potential energy is entitely absent. (No DC electric field is piesent

in the interaction circuit.) It is 'iimi laI to the magnetion in on-'-

important aspect. howevei. The spatial inhomogeneitv of the if tic:ld!

produced by the ridgod r 'avegtuide- may caus;e the guiding cen t er of all

e'lec tion to drift side.a',' , and. ,ic- a I , tilt. lu n ll irtkially al! of it,

kinetic energy into radiation, implying an extiem(n v high etfi( iency.

1%
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To se the action of the rf field inhomogeneity on the energy

transfer, consider two electrons A and B in Figs. 6b and 6c. Assume that

the electrons are "nonrelativistic", (-10 KeV, as typical in peniotron) and

that its cyclotron frequency is 1/? of the rf frequency (i.e., operation at

second cyclotron harmonics). Electron A is in an accelerating phase, its

rotational energy increases and as a result, its radius enlarges. As its

radius enlarges, it moves half a cyclotron period later to a position where

the rf field is stronger, but at vhich time the rf field decelerates

election A. Thus elertron A gives more energy to the if during the second

half of the cyclotron period than it gains during the first half. On the

whole, its energy decreases and its guiding center shifts to the left (Fig.

2b). The electron energy is transferred to the rf. Electron B (Fig. 6(:)

is initially decelerated by the it field and, as a result, its radits

decreases. Half a cyclotron period later, electron B experiences a weaket

accelerating electric field. Thus, because of the spatial inhomogeneity of

the rf electric field created by the ridges, electron B loses energy to the

rf during a cyclotron period and its guiding center drifts to the right

IFig. 2cl. Note that both elections A aid B yield their kinetic energy to

the if. Computer simulation shows tha, the decelerated electrons can 'a

virtually be stopped, leading to a theoretical efficiency close to lo()

22,11
pet ( ent ( Exper imeiltal results may be mote difficult to iritepi et,

21
however .1

The abovp descri pion indi (at, h rhat the mnerhan i m of energy tiralrrter I
in peniotron need not invnlve beam iln hrg along the olpet tuibed oibil ()t

an eierllon beam. At i1 n i iagnetri oll, i t 1'. the tian,,'verse n1igriia t i oin
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transverse modes. A more precise definition will be given in the next

section. We should also point out that the above description is not the

only possible mechanism responsible for the radiation generated in a

21
peniotron . We shall say more about this at the end of this section,

10, 23where we treat the gyromagnetron 1  
. The gyiomagnetron is topologically

identical to the peniotron, but is envisioned to operate with an entirely

different mechanism.
12"

Orbitron 12 is similar to a magnetton in that an electrostatic field is

present, and that the rf derives most of its power from the electrostatic

field. A model of orbitron which has been subject to some theoretical

study is shown in Fig. 7. In this figuie, a cylindrical layer of electrons

rotates about a center wire which is positively charged with respect to the

outer cylinder. The radial electrostatic field provides the centtipedal

24
acceleration and no external magnetic field is present 2

. In some sense,

the orbitron may he considered as diametrically opposite to the peniotton, .

in that one uses only an electrostati( field fo electronic motion whereas

the other uses only a magnetic field. Moreover, one relies on complicated
.%

wall structures whereas in the other, a smooth wall suffices, in which case

the importance of if field inhomogeneity diminishes.

Since the role of if tield inhomogenei ty is minimal in an orbition,

the only way for the beam ro viPld i t, enetgy (kinetic and potential) is

via a hunching mechanis;m along the pa t t ic 1 onbit fol the model shown in

Fig. 7. This itz indeed f on t ht the vase. (,tippose that some (hat ge

pel tit ha Iiol is set uip onI the heam. A test elprtr on moving ahead of this '.

ha1 ,7' h ir 1 1 - .1, ,o I,1.1 1 . it -l I I ')tit.tIId t, , lalgel ladius. Thic

t I ,-| ,' 'l. *, 
I  ()[r ' i, , l' t tic eg i I a f I v u ll ,

I!-, l d ... I1-* I t," l I w' t'' ,t I 'I I.", t m, il :c d he 'llil I- ig . .

A,-iminl .l '11 1" f " , to- I : ()?l ' ,, . d t Ill blil t 'In ,* l b h * ( : , t
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having a "negative inertia"-- -------- it falls back toward the bunch upon

being pushed12 2 ' 8  Similarly, a test electron which Is initially behind

the charge perturbation Is decelerated, it moves to a smaller radius, but

Its angular frequency increases, effectively catchilng up with the bunch

azimuthally. Thus there is strong tendency for beam bunching in the

orbitron configuration shown in Fig. 7. In fact, we shall show in the next

section that this negative mass behavior is indeed very pronounced

far more pronounced than that exhibited in a large orbit gyrotron at low

beam energy (<10 KeV) [See Eq. (27) below].

A highly bunched beam can readily yield radiation. In so doing, the

beam contracts radially in an orbitron. It falls to a region of lower

potent ial energy. It can easily be estimated that the radiation draws

energy primary from the electrostatic energy like in a magnetron.

However, as the beam falls toward the center wite, its angular frequency

may be considerably detuined from the mode of operat ion, thereby limiting

the operating efficiency. Unless some form of phase-focusing is

Introduced, orbitrons cannot be expected to yield efficiencies comparable

to magnetrons. Thus, the model shown in Fig. 7 has the pecuiliar piopertYv

that it yields tremendous small signal gain, but the effi' iency may he

modest.

The election beam in a latgu (ilbi t v,,.r otfioii jhg. gal leq'iles ani

exteninal axial magne t iu f ie Id to li oin de t lit, I (Itt i inn Thce i , no ' i

exteinal ly imposed DC e le~tii i i E. ell 1 ii t(- , 1 111 Ilk tie lmlt-

geomery, the wall c01 itlgat rol i1dbz i t anrd thet I tan t u-e oit ele Ig, I,

hr ongh (hat ge bun h ing along the hfeAm er hr F r g- 8~a, 8) 1 1 i m r Iat1i

th h( it t I ()It* tie- bitil hiiK i , -*ihaii, .'I h, It 1ogai na e I tioI
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perturbation in the electron beam, test electron A in front of the bunch is

accelerated. Its rotational frequency wo 0 IeIB 0/m OYO(A) decreases as Its

relativistic mass factor y 0 (A) is increased. Azimuthally, therefore, A

falls back to the bunch as a result of this relativistic mass effect.

Similarly, electron B is decelerated, y 0(B) decreases but its angular

frequency w 0 (B) = jej B 0/m 0y 0(B) increases. Azimuthally, B speeds up and

catches tip with the bunch IFig. 8b]. The negative mass instability thus

developed was shown to be identical to the cyclotron maser instability r

which leads to radiation in gytotions. Howevet, it will be shown that, at

low energy beam (<IOKeV). the small signal gain in a gyrotron is

considetably smallet than the othitioi. Onl the othet hand, the efficiency

of gyrotioi may be noticeably highei sinue the magnetic field can he

detrined so that w WWis suffliciently small to yield appreciable gain, hut

large enough to yield Substantial etthienc,'

Gytottor is tuned by the axial magne t i field. The magnetic field

requiirement can be substantially r educed if thte t Ube can operate

e ftf i (- en t I y atI a h i gh cvy lot ton hatI mon i r. A pr on i si g way to encourage

hatrmonic' (pet a( iont is to mnt todut e ort tigat ion at the waveguide wall I Fig.

H( Th i wou I d itl lrc- ef, i jent I perIatI tort even at low beam energy. Such

anl itt Ieri estI i ng po ss t h i Iti t.a- pt ed ir I P theoretically and vet if ied

exper IjiMen ItI I .', vhelk ele(II tril hvam- .1 v I Iurgy at ten11S o f KeV were

~mrIr~d to opet ate At biph iv I(i,r ha i nmi i~ The- tesemhlanue of ihe

rttagii(ti Ior wocli al: . t,)W*h4 I i - Ili 'h. 1 1 ti ii n nc- hatit.m, I ead1s to i tc
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gyro-harmonictron, or harmonic gyrotron, have later been used for

gyromagnetron. But none of the latter names would suggest the gyrotron

mechanism enhanced by a magnetron waveguide. [Ref. 10 contains a lengthy

description of the historical development up to 1982.1

Comparing Figs. 8c and 6a, one immediately sees that the topologies of

the gyro-magnetron and of the peniotron are identical! Both employ annular

beams, ridged waveguides, and only an external magnetic field is used to

provide the electron rotation. Even the beam energy and frequency range in

existing experiments are similar. The immediate question is: How

important is the transverse peniotron mode in the operation of

gyromagnetron, and vice versa. Phrased more bluntly, the question becomes:

Is the peniotron really a cyclotron maser in disguise? Or does a

gyromagnetron really operate according to what is envisioned to happen in

a peniotron? These are interesting questions which have generated

29considerable controversy, and a resolution is not immediate 2 . Thus, given

the magnetic field, beam and circuit parameters, one cannot even predict

with complete confidence in which mode the tube should operate 2 1'2 9!

If the simple peniotron/gyr-o--magnetron configuration can cause

uncertainties in out understanding of their operation at this late stage,

just due to the corrugation ot the waveguide circui:, it would hardly be

,utpi iqing that the situation in magnetron would be much worse since there

iZ' not even a (onsenstis in the choice of a suitable equilibrium model, not

6
to mel) Iion a host of otheI comIplex feat ues6 and the highly nonlineal

behavio . It then seems de!;iiible I n iev tt i( t here to a tractable thellr

Wir l 11 r all rovel ,i (of f t'. of or r i iga t .'d ;t iu( t ti e, cut vat i e anrd

I lat I iV r -: i v mal ' Pf fi ', f ii Ali ( #0 tl 'll I 10'.' il( ir a ge:iela1 (ombinatloll
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sections by the use of a simple model (Fig.9 ). There, we shall isolate

the circuit effects and the intrinsic beam stability, and examine their

coupling.

,Vow



IV. Stability of Laminar Flows

We shall now give a simple exposition of the various types of

instabilities encountered in cross field devices. These instabilities have

been invoked to explain the intense noise observed and the initial stages

2of spoke formation . For simplicity of mathematics and for ready

comparison with other radiation sources, only the electron sheet model

shown in Fig. 9 will be covered in some detail. Though highly simplified,

this sheet model retains the essential features of the physical mechanism

described in the previous sections. It also demonstrates the profound

effects of the equilibrium type on the stability of an electron beam.

These effects were noticed only in recent years. In fact, to what extent

would they enter in the case of a thick beam remains unanswered. It is

highly probable that the effects are large, since different waves may be

excited across a thick shear layer and they may interact. We shall address

some of these issues in the next section.

We shall begin with the "longitudinal mode". The real part of the

frequency w of the longitudinal modes satisfies

= I O (13a)

where i is the azimuthal mode number and w is the angular frequency of

rotation of the electron. When a longitudinal mode is present, an electron

experiences the rf field at an almost constant phase since its Doppler

frequency w0- 1c0 = 0, and there would be a strong interaction between the

electron beam and the rf. This is particularly true if w is also close to

the natural mode of the circuit. The longitudinal modes are important in

gyrotron, orbitron, and in cross field devices.

The frequencies of the "transverse mo-les" satisfy

W- Jo 0 + K (13b)

where K is a natural frequency of oscillation about the equilibrium when an

19
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electron orbit is perturbed. [e.g., K = eB0 /mc for gyrotron, peniotron,

and the planar magnetron, but K = 12 wo for the orbitron model (Fig. 7)

where an electron circulates under a central force field, generated by a

positively charged thin wire, with 1/r dependence]. The peniotron is

11,22,29
thought to operate with the transverse mode ' ' The transverse mode

is also an important one in cross field configurations
19

Both transverse modes and longitudinal modes have been formulated

exactly2 7 '2 8 for a cylindrical laminar flow of arbitrary density profile,

including DC and AC space charge effects for a general combination of

radial electric field E0 (r) and axial field B0 (r). When specialized to a

thin sheet [Fig. 91, a simple dispersion relation has been obtained. The

theory presented below will highlight the remarkable features which are

confirmed by a direct numerical solution of the exact eigenvalue problem.

(A) Longitudinal Instability

The free energy which drives the longitudinal modes unstable may

either be the potential energy or the kinetic energy. The potential energy N

may arise from the DC space charge of the electron beam, in which case the

ectd30-36 '
"diocotron instability" is excited , or from the externally imposed

potential, as in the orbitron model. In the latter case, the negative mass

instability is excited. On the other hand, it is the kinetic energy of the

electrons which is converted to the rf in gyrotrons. As we have explained,

it is also the negative mass instability which is responsible for the

36
radiation generated in gyrotrons The transition of these various

instabilities, and their relative importance in different regimes, will be

covered in the following subsections.

2.
.1 
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(Al) Diocotron Instability ----- An instability caused by DC space charges

The diocotron instability 30 - 3 3 1 9 was discovered during the initial

phase of magnetron research. It was also one of the first plasma

instabilities ever discovered. The free energy which drives this

instability resides solely with the electrostatic energy of the self field

of the electron sheet. There are several (equivalent) ways to view this

instability. Two of them are given below for the model shown in Fig. 10,

which is a further simplification from the model in Fig. 9.

The original papers attributed the diocotron instability to a

hydrodynamic instability of shear flow30 . The velocity shear is due to the

self field of the electron sheet, which is assumed to have a small, but

finite thickness. In fact, it was found that the diocotron instability has

the same growth rate as the Kelvin Helmholtz instability of a vortex sheet
37

in classical hydrodynamics . The evolution of the instabilities, such as

the curling up of the sheet, is also similar.

Associated with the DC self field of the electron sheet is a velocity

shear [Fig. lOal in the equilibrium ExB drift. The velocity differential

due to self field is

E p

AV 5 0 0B - B - B
0 0 0 0 0

where E is the total change of the self electric field across the electronS

layer of thickness T and constant electron density p0  Note that Av

depends only on the surface charge density a, but is independent of the

thickness T. It provides a good approximation for a general density

profile if T is sufficiently small. The growth rate of the Kelvin

Helmholtz instability in a thin vortex sheet is
37
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1
= 2ik

1 1 (k ) 2  / Wc l ( 14 )

T p

where k is the wave number in the direction of flow. Expression (14) is

the diocotron growth rate of a thin electron sheet in the long wavelength

limit kT << 1. Note that the growth rate is proportional to the beam

current.

An equally transparent way to see the physical origin of the diocotron

growth is through the process depicted in Figs. !Ob,c. Suppose that a

sinusoidal ripple is introduced on the electron sheet [Fig. lOb].

Electrons in positions A, C experience an electrostatic force in the upward

direction, due to the electrons in their immediate neighborhood. Electrons

in positions B, D experience a similar force, but in the downward

direction. These forces produce an FxB drift to the left for electrons at

A, C but to the right for electrons at B, D. This leads to an accumulation

of charges between B C and a deficiency of charges between A B [Fig. lOci.

The electric field associated with these charge perturbations, as shown in

Fig. lOc, produces an ExB drift of electrons which reinforces the original

ripple, and the instability grows as a result.

The diocotron effect was considered to be a major cause for the

intense noise and fluctuation observed in cross field devices and high

power diodes. It was also thought to contribute to a significant increase

2,3
of the gain in the theories of cross field amplifiers There are many

refinements of the diocotron instabilities, such as the effects of finite

beams, of geometries, and of finite Larmor radius . They are given in the

literature quoted in Refs. 30-36. Instead of going into these topics, we

22
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shall stick to the thin layer model [Fig. 9] so as to bring out the crucial

dependence of stability on the equilibrium type. For example, we shall

show below that the diocotron instability may be stabilized if the

curvature effects are taken into account.

(A2) General longitudinal instability without DC space charge effects

[negative mass, cyclotron maser, orbitron modes, etc.].

The curvature and relativistic effects have been ignored in the above

description of the diocotron instabilities. In practice, in many radiation

sources the curvature effects of the electron orbits are crucial. The

relativistic effect may already be important for an electron beam with

energy as low as 5 KeV, as shown in the original experiments on cyclotron
38

maser3 . To examine all of these, we now pretend in this subsection that

the electron layer is neutralized to rule out the diocotron instability.

The questions become: Does it make a difference in the stability if the

equilibrium rotation is supported by a radial electric field alone (like an

orbitron), or by an axial magnetic field alone (like a large orbit

gyrotron) or by a combination of both (like a smooth bore magnetron)? How

and in what way would the relativistic effects enter? All of these

questions can now be answered with the following simple study.

Consider a thin, neutralized electron layer rotating concentrically at

velocity v = e v (r) = er0 (r) inside some waveguide structure

jFig. 9J. The E-layer has a small thickness T, and unifocm charge density

extending from r=r1 to r=r 2 with mean radius R. For the time being, we

shall leave unspecified the relative strength of the radial electric field

E and the vertical magnetic fieli B which are needed to provide the0 0

circular motion of the beam. Thus, v is governed by

23
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o e B). (15)Yo r = 0 (Eo0 +  vo 0 o

It is convenient to introduce a dimensionless quantity h to characterize

the strength of the electric field of the equilibrium:

-erEo
h= 3 2" (16)

2
Note that yoh is equal to the ratio of the electric force to the

39
centrifugal force in equilibrium 39  Using this definition and the

equilibrium condition (15), one may characterize the equilibrium type

according to the value of h [Fig. 111:

(i) h=O corresponds to the large orbit gyrotron [Fig. 81, where the

equilibrium rotation is supported by an axial magnetic field alone (Eo=O). %

2%(ii) h=l/yo corresponds to the orbitron model [Fig. 71, in which the

rotation is supported solely by a radial electric field. [Bo=O, cf. Eqs. ,

(15), (16)]. V1

2(iii) h>>l/r corresponds to an inverted magnetron, with the cathode at the

outer conductor and the anode at the inner conductor. The rotation is

approximately given by the ExB drift (Centrifugal force is small).

2
(iv) h<<-l/y corresponds to a conventional magnetron, with the cathode at

0

the inner radius and the anode at the outer radius. Again, the rotation is

approximately given by the ExB drift and the centrifugal force is small

compared with either the electric or Lorentz force in equilibrium.

24 V
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(v) The planar limit is recovered formally as r - (fixing E0 , v0 ). That

is, IhI -m corresponds to the planar limit [cf. Eqs. (15), (16)].

These various special values are labelled on the h axis in Fig. 11 and

a simple dispersion relation is derived below for general values of h.

Since we are examining only the longitudinal modes, the beam interacts with

an rf field mainly through the azimuthal component of the electric field

(E18 ) which the thin beam experiences. Conservation of energy gives

evoE19 = dc/dt (17)

where c is the total energy (kinetic and potential) of the electron beam.

Upon using the chain rule, we express

de/dt = (db/dt)/(db/dc) = (n/R)/(db/de)

in terms of the azimuthal displacement n of an electron from its

unperturbed position. Thus, (17) becomes, upon linearization,

= eRvoE 10 e eE10/Mef f  (18)

where the equilibrium value 6=w is expressed as a function of the particle
0

energy. In analogy with the force law "F-ma", we define in (18) an

effective mass Meff = (Rv dwo /dc)- . It is not difficult to show from (15)

and (16) that

1+ Y2 112
Meff - mY + 2h (19)

where (o = vo/c.

Equations (18) and (19) are very interesting. They govern the

longitudinal (azimuthal) dynamics of the electron beam. The crucial

properties of gyrotron, orbitron, gyromagnetron, smooth bore magnetron and

25
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its inverted configuration, or even cyclic particle accelerators such as

betatrons are contained in this effective mass. Relativistic effects,

curvature effects, and the magnitude and sign of h determine this effective

inertia, which in turn determines the response of an electron to an

accelerating or decelerating rf electric field. For example, Meff is

negative for h>-13 /2, is positive when h<-0 2/12, is infinite at h=-O / 2, and
0 0 0

has a local maximum when h=l/y (Fig. 121. All of these are interesting
0

properties and will be considered shortly. Note for the time being that

the main dynamical properties associated with the equilibrium type for the

longitudinal modes are already contained in (18), (19).

For a perturbation proportional exptjwt-jjej, d/dt stands for

j((*-Wo), where is the azimuthal mode number. Associated with the

azimuthal displacement n is a suiface charge density perturbation a1, given

by

a 0 i0ao

-1 R a@ R,

- i l a° 0 e E 1 ( 2 0 )

-R o &) 2 eff (20)

in which E10 is understood to be the value evaluated at r=R. In writing

the last expression, we have used (18). Equation (20) expresses the charge

density perturbation in the beam in response to some imposed azimuthal

electric field. Thus far, the surrounding electromagnetic structure has

not entered into consideration.

To complete the analysis. we calcilate what kind of electromagnetic

waves would be excited if there is an RF surface charge a located at

t-P. The pt esence of a qurface chat ge a, by Gauss law, produces a
4"

discon inui ty in the tadial component of the RF elect ric field E Thus

26
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El - E r -'/C (21)

where, and in what follows, the superscript .( ) is used to designate the

position just outside (inside) of the radius under considetation. We next

express E ± in terms of E O- by introducing the wave admittances b and 1)

at the outer and inner edges of the beam. Specifically, b and b ate

defined by

b = iE E (22)

b = iE 'E (2 )

Since the tangential electric field (E 1 ) is approximately continuous

across the electron layer, we have E = E 1 E10 and hence (21) (21)

give

- = i(b b )El  (24.)

0

Whereas Eq. (20) expresses the dynamical response of the beam to an

rf electric field without reference to the citcuit. Eq. (24) gives the

circtit response to some beam ex( itati o (i 1 ). itespec tive of how a1

is produced dynamically. For cit on; Ji Ntent' v we ,Altain from (2), ( -

the dispe.sion relationship

(W W (h .h )(M ,) p (h .h ) -
f f . 1. 'h'

wher e

2 2N (A. )

c i
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In (26), N-20Ra 0/e is the charge number density per unit axial length, v is

the dimensionless 'Budkei parameter' measurting the beam denrsity (cutirent)

2 29

v .~Ne /4R m c' III MYS un t , it equtial to P W il mi ~n CGS units. .%

The disper sion relat jorship (.'h) governs fihe lonigitudinal stability

of a model elec tion sheet in[ or 1 hi I ots ,gyr otions, gyr omagnet ion, and

(smooth bore ) magnetronq. The effe( ts of the wavegiiide wall enter only Inl

the normalized wave admittance h * h Ii ( .' and the dynlam it

equ I hi i tum t vpe )en tet - it t hie fa i or (13 $ .11h) (1-1 , will I h is also the 9
0 0

geomet Iy and (It- t I equere i~ nid I o! i I. 'lug It I d I Ia I Moded e ate f

striv I 1g, w=Iw Tie ma thema t I, a I e -: prior o f! ritu In for .-ar 1(us,
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(a) When h-0, Eq. (25) indicates that anl instability exists as a result

of the relativistic effect. This is the well known negative mass

insabiity42,0 hos goth raei given~ by wi2= Q) 1 2 ( £t/1R)o 2/b#l

which vanishes in the nonr elat ivist ic limit 13 0 1. This instability was

predicted; and it places a limit on the heam rur rent in cyclic accelerator.

It turns ouit to be identical to the (.y( lotion maser instability ,which is

responsible for the radiation gener ated in gyr ott urs.

(b) The negative mass growth rate vokilId be present as long as h) 1 0%
7

It js maximized with respect to h when h/,as readily demonstrated from
0A

Eq. (25). This case corresponds to the orhitroi configuration IFigs. Od

11,121. In other words, for a given rotational energy and a gi,.en

geometry, the negative mass effect i~s most pionounced When the eqiiilibr inl

is supported by a radial electtic field 11loke as in anl orbitron model'

By Retting h=() and h~l/y 2in (215), we obtain the comparison of the small
0

signal growth between a large orbit gy1otron and anl orhitron

W (orbitron) 
V

w.grorn 1 (27)
W g r to ) -1 0

Since 8 equals to ().044, ().14, 1). 17, 015,(.78 when the rotational

energy is lKeV, 5KeV. 4()KeV. It)IIK eV, arnd MtO~eV, respectively, onee

sesthat the snail igna I gain for anl(- e triori layer in anl orbitron

unif igtir at ion fani in pr no i ple he rat heri hih in romparii son with the other

adiat ion sRonir (P, espec jal ly at low beam ener gv. A potent ial use of this;

enhanf ed hai ge biio h 1 ijg i n I' vz t r on, hr - been sutgge s t ed r ec en t IV
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(C) The dispet sion telal lolt l 2) .igge t that the negat ie mass

Instability is ;uppies;ed it

h( i . (o)

That is, the negat i.e mas iistabh I it'' ma.' be 'tabi 1 ized by a iegat ive

zadlal DC ele(tti( field of a suIwtablp magn ini 1ide. In teims of ai

extetinal potent ial V impos<ed i et '.eei rhe il n11-I f oldtlo fo at I a and Ithe

(oltel , ondo, tol a! i Ii t e) Fi . l'. . 'hht- 'Ita l Iit',' (Onidit loll (28)

Iead"
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Physically, when h= 1'/2, the etfective ma,;s of a totaling election is
0

infinite Ict. Fig. 121. The beam is very rigid azimuthally and is

incapable of transferring its rotational energy to the resistive wall,

which is the physical mechanism tot the excitation of the resistive
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instability

(e) The negative mass instability ,;hould disappea in the planar geometry

limit, as expected intuitively. Thi-s is al:;o reflected in the dispersion

relation (25). In this planat limit Ro-, f + -, but /R, -t, E remain

finite. Then h*'- by (16) and the tight hand member of (25) tends to zero.

What remains i- then the dio(otron instability whji t is not included in

(25) since the sell field has been explicitly ignored in the derivation

ot (,'5).

Viewed slightly differently, we may regard (25) as the lowest order

dispersion relation when we expand the growth rate in terms of the small

pal an,ee (T/R). The diocotton growth rate (14) is the residual

instability when the ctii vatt e eftect is absent . This, in tact, is found

d he the case in an exa(t formulation of the eigenmodes. This will be

drc-tied next. arid examole will be given to demonstrate the validity of

,hfe gtowth iate toimkilas (.'5) tr' gtiRh a dits t timetical integration of the

b xa' ' ' igenalile plohlem.
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combination of radial electric field and axial magnetic field with self

consistent density and velocity profiles. It is fully relativistic and

fully electromagnetic; it includes both DC and AC space charge effects.

For TE modes with dependence exp(jwt-j e0), the eigenvalue equation for

#=rE1 9 is of the form
2 7'2 8

d (A !-) + B =0, (30)
dr '.drj

where A and B are rather complicated functions of w, I and r. This

eigenvalue equation governs both the longitudinal modes and the transverse

modes. These modes manifest themselves as singularities of the equation.

The complex eigenfrequencies w=w0(j) for both types of modes are obtained by

matching the solutions of f at the beam edges to those of the vacuum

solution exterior to the beam [or +=0 at the conducting boundary with which

the electron sheath happens to be in contact.]

The eigenvalue equation (30) has been solved both analytically and
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numerically for a thin beam. In the analytic procedure , we expand all

quantities in powers of (x/R). To two orders in (T/R), the growth rate

is given by
2 7'2 8

= b 4b _ Jj ( 2 -2) + 2 2wo (31)
+ +Y h ) R

wheie

1 1
A.-

4 6 2 2 2
Y ) (('YKh

2 2h) , 
21~~~~~~~ VO3.h 1. 12~~~h )(00 +h)

)w W, 1) 0b)

1(32)
V. y ( 1. h )
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All quantities in this expression has been defined in the previous section.

Note that the first term of (31) is the same as the rhs of (25) except for

the generalization 39 of h in (31). In the planar limit R-, /-*W,

2/R-*k = finite, then h-1, and the first term of (31) disappears. Using the

last term of (31), and noting that only the term involving remains inp 0

this planar limit, we obtain

*2 2 (2 442
1 o kT/y0) p /Wc

This equation is just the relativistic version of the diocotron instability

for a sheet beam (cf. Eq. (14), also Ref. (33)]. Thus, the diocotron

instability is in fact recovered, and the negative mass instability

removed, in the planar limit. In other words, Eq. (31) includes both the

DC and AC space charge effect.

For a thin beam, the second term in (31) is using negligible compared

with the preceding term. Thus, stabilization of the negative mass

instability by the use of the criterion (28) would also imply stabilization

* of the diocotron instability for a thin beam. Figure 13 shows the growth

rates according to the dispersion relation (31) in two examples. The

interesting features are noted there: (a) maximum small signal growth for

2
orbitron configuration (h=l/y2); (b) stabilization of negative mass and

2
diocotron instability when h<-02/2; (c) persistence of small signal growth

at low beam energy for gyrotron (h=O). This growth is due more to the

diocotron effect than to the negative mass effect. [See Ref. 36 for more

detail.]

The validity of the analytic theory has been confirmed2 8 by comparing

the growth rates with those obtained from direct numerical integration of

the governing differential Eq. (30). Shown in Figs. 14,15 are some

examples of this comparison. The solid curves represent the eigenvalues

33
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according to numerical integration of (30) and the dashed curves to (31).

Note that the stability condition and the peak growth rate predicted for

orbitrons, according to (25), are confirmed in Fig. 14. The agreement in

the dependence on beam current (Fig. 15) is remarkable. Other checks on

geometry, on mode number, on Yo, on T/R, etc., have been performed28

They all confirm the validity of the analytic dispersion relation (31).

B Transverse Instability

The longitudinal modes described in the previous section rely heavily

on the spatial inhomogeneity of the unperturbed motion [e.g., velocity

shear due to space charge in the diocotron instability, and differential

rotation in the negative mass instability as reflected in the effective

mass factor d 0/dc=(dw0 /dr)/(de/dr)]. The spatial inhomogeneity of the rf

field plays a secondary role. Near synchronism, the growth rates of these

modes are proportional to I1/3  In contrast, the gain mechanism in both

cross field configuration and peniotron, the spatial inhomogeneity of the

rf field plays a crucial role. This situation arises since the transverse

drift of the "favorable" electrons, acted on by the rf fields,

progressively populate a region with stronger rf fields, whereas the

"unfavorable" electrons drift to a region of weaker rf field. The small .

signal gain for the transverse mode is proportional to I1/2 .

For the present sheet beam model [Fig. 9], the transverse modes are

characterized by

2 2 112

One can readily show that the frequency (l+yo ) represents the radial0 0
oscillation of an electron about its guiding center in a frame co-moving

with the wave, under the combined action of E and B . For example, in the
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nonrelativistic limit of orbitron configuration (h=l/y2 4l), this frequency

becomes /2 w which is the frequency of radial oscillation, about the

guiding center, of a particle under a central force field whose strength

behaves as 1/r IFig. 71. In another limit h=O, 0 -c* (33) becomes (o-

1c=+w c which represents gyro-resonance
2 '3 '1 1'1 9'28 33 '4 0 '4 1

As mentioned earlier, the transverse modes are also governed by the

same differential equation (30). Using the same analytical procedure which

leads to the dispersion relation (31), we obtain the dispersion relation

for the transverse modes for a thin electron layer 
28

0 o-= R(b++b_) ([ (

Here

q - w (1 +h)/ )II ( - W M. (35)0 ~ ( 0 00
This is the lowest order dispersion relationship in the expansion parameter

T/R. It is valid for general combination of E and B., and, since in this

case, DC space charge is not critical, it gives the correct result in the

* limit of planar geometry.

This dispersion relation is rather complicated. The wave admittance

b and b_ reflects the corrugation of the walls and the rf field
+

inhomogeneities such corrugation produces1 0 '2 2'3 2'4 1. Without going into

the details, we may make the following remarks.

(a) In the absence of wall loss, small signal growth can occur only when

the transverse mode is synchronous with the circuit mode, for which

b +b = 0. The growth rate under such a synchronous condition is

proportional to I This small signal growth is typically weaker than

that associated with the longitudinal modes.
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(b) Since synchronism is always required for small signal growth the

relative importance among the centrifugal force, Lorentz force, or

electrostatic force in supporting the equilibrium seems to be less

important. That is, the transverse mode is perhaps less sensitive to the

equilibrium type. But the resistive instabilities are equally serious for

both transverse modes and longitudinal modes.

(c) Conventional theories of transverse modes also express the gains in

terms of the rf electric fields (and their gradients) at the beam

location34 .41 Equation (33) is a generalization, including a possible

radial electric field in a curved geometry.

(d) Numerical simulations indicated that the transverse modes, in

principle, can be a very efficient mode to operate at as in

22,2
peniotrons 2 29 The small signal theory only gives the initial stage of

the development. The effects of the spatial inhomogeneities of the rf

field are incorporated in b and b , which are complicated expressions+

themselves when ridges are present in the waveguide walls. Much work

remains in the study of the transverse modes, especially their possible

coupling with the longitudinal modes when the sheath thickness is no longer

small.

364

,p

'V

-~ V -



V. Remarks

A rudimentary theory is given for a class of radiation sources in

which the basic electron flow may be regarded as laminar. Emphases have

been placed on the dynamical dependence of the equilibrium type and on the

role of circuit structure. In general, the spatial inhomogeneities of the

rf fields are important when the transverse migration of the electrons is

essential, as in cross-field devices and in peniotron. On the other hand,

they are less important if the radiation draws upon the charge bunching

along the particle orbits, as in the (large orbit) gyrotron and orbitron.

In the latter cases, the spatial inhomogeneities of the unperturbed motion

(i.e., velocity shear) are far more important than those of the rf fields.

Regardless of the dynamical properties, all of these radiation sources

always operate at a frequency close to a natural frequency of the waveguide

circuit.

Several interesting properties were predicted from a study of the

longitudinal modes on a thin beam. For example, the orbitron configuration

offers perhaps the highest small signal gain, especially at low beam

energy. Away from synchronism, both the negative mass and diocotron

instabilities may be stabilized by a negative radial electric field of

sufficient magnitude. This arises as the electron's effective mass is

changed from negative to positive. [We should stress that instability will

occur if the circuit mode is synchronized with the beam mode, even if the

beam has a "positive mass" behavior.] The most stable configuration

against synchronous excitation and against even the resistive wall

instability is when the beam is very "rigid". This occurs when the

effective mass is infinite ----- i.e., when the radial electric field is

adjusted so that
2/

h - 0/2

0p
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All of above predictions are yet to be confirmed in controlled

experiments, such as the one proposed in Fig. 16. This is essentially a

two cavity klystron with a bent drift tube. The orbit is bent either by a

magnetic field B or by an electrostatic field, or by both. The polarity

and the magnitude of the externally imposed voltage (V) and the external

magnetic field B may be adjusted to correspond to various values of h

[Fig. 11]. The response of the electron beam may be monitored at the

output cavity, after an external rf signal is impressed upon the beam at

the input cavity. Such an experiment may be carried out with an electron

beam of energy < 10 KeV, B < 100G, E < 5 KeV/cm, and beam current < O.1A.
0 0

It also serves as a proof-of-principle experiment for the "super-bunched"
kyto43,

klystron , as well as a controlled experiment on the orbitron mechanism

discussed in this Chapter.

In the case of a thin beam, the longitudinal mode is decoupled from

the transverse mode, and each mode may be treated separately. This is not

the case when the beam is thick. Within a thick beam, because of the

velocity shear, both Eqs. (13a) and (13b) may be satisfied for electrons at

different radii. Thus, the longitudinal mode of the electrons at one layer

may interact with the transverse mode of the electrons at a different

layer. In fact, this was noticed in the original stability theory of the

19Brillouin flow, and Buneman in effect already interpreted the instability

as due to an exchange of the negative energy wave between those electrons

satisfying (13a) with the positive energy waves of electrons at a different

layer at which (13b) is satisfied! A rich amount of interesting physics

buried in Eq. (30) remains to be explored.

There are deficiencies in the laminar flow model. The lack of Larmor

motion in such a model was only recently corrected in the treatment of

diocotron instability. Kleva, Ott and Manheimer3 5  showed that the

38
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diocotron instability cannot be completely removed from an electron sheath,

regardless of the relative size between the sheath thickness and the Larmor

radius. [This prevalence of the diocotron instability has recently been

conjectured to occur within the Debye sheaths of a magnetized plasma and

48may give rise to the phenomenum of Bohm diffusion 1

Dynamically, perhaps the most serious deficiency in existing

magnetron theories is the failure to take into account the periodic

variation in the DC electric field resulting from the wall corrugation.

Such a periodic variation should also be introduced in the unperturbed

state of the electron flow. If one recalls the importance of the periodic

motion in the mean flow of the electrons in free electron lasers, one

cannot fail to worry about the possible omission of significant physics

when some built-in "wiggling motions" have entirely been ignored in

specifying the unperturbed state of a magnetron in virtually all existing

theories
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Fig. 1 (a). Laminar flow model of magnetron.

(b). Further idealization.
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Fig. 2 The Hull cut-off voltage and the Buneman-Hartree threshold voltage.

The latter curve is tangent to the former.
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Fig. 4 Same as in Fig. 3, but at a later stage when oscillation is fully

developed. The magnetron voltage is reduced, leading to a narrower

Brillouin sheath as shown in this figure.
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Fig. 5 A planar magnetron model and the rf electric fields of the pi-mode.
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A ORBITB
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(b) (C)
Fig. 6 (a) A peniotron model.

(b)(c) Action of the rf electric field on electron A which is

initially in an accelerating phase and on electron B which

Is Initially in a decelerating phase. The dotted circles

denote the unperturbed orbits.
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CONDUCTORS

V

Fig. 7 An orbitron model. The electron layer rotates about the center

conductor under a radial electric field. This model is used

in Refs. (12, 27, 28).
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Fig. 8 (a) A gyrotron model.

(b) Negative mass effect.

(c) A gyromagnetron model. A magnetron waveguide is used to

encourage harmonic generation.
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B o = 2 Bo(r)

Fig. 9 A model for which a simple dispersion relation can be obtained

analytically. It is representative of cross field devices, .

gyrotron, orbitron, peniotron, gyromagnetron, depending on the

circuits and on the magnitude and polarity of E and B
0 0
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NON-NEUTRALIZED ELECTRON SHEET
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Fig.lO Physical origin of the diocotron instabilities, viewed in

the rest frame of the mean flow:

(a) velocity shear generated by the electron self field.

(b)(c) ripple on the sheet and its reinforcement.
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Fig.l11 Correspondence between the values of the normalized electric field

h and the various types of equilibrium.
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Fig.12 The normalized effective mass M eff /yo0mo0 as a function of h.

Compare with Fig. 11.
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Fig.13 Growth rates of longitudinal modes in a thin electron layer as a

function of the equilibrium type (h), at both non-relativistic

energy (top) and telativistic energy(bottom) They are calculated

from (31) with j =1, T/R=O.016, b+=5, b_ =3, and beam kinetic

energy and density as specified in the figure.
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Fig.14 Normalized growth rate for longitudinal modes as a function of h

for a test case with a = 0.6m, b=2.6m, R = 1.Om, "/R = 0.02,

y = 1.5, = 1. (a being the inner wall radius and b being

the outer wall radius). A solid curve indicates data obtained from

a numerical solution of Eq. (30); the dashed line is a plot of Eq.

-3
(31). The upper pair of curves is for /y° = 7.88 x 10 -3 %

2 2 -3
p2/W = 1.42, the lower pair is for /y° = 1.57 x 10

S2 /W 2 = 0.28.
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Fig. 15 Normalized growth rate for the longitudinal modes versus V/y 0

for a test case :a=O.5m, b=2.2m, r1=0.99m, r2= IOlin, Y ,J =I.

A solid curve denotes data obtained from a numerical solution of

tOe eigenvalue problem (30); a dashed curve denotes data from the

dispersion relation, Eq. (31).
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Fig.16 A schematic drawing of a proposed laboratory experiment which may

demonstrate the effects of equilibrium type on the dynamical

properties of an election beam. Patameters required :Beam energy

< 1OKeV, rurr-ent <().]A, iadial elecrr ic field E < 5KeV/cm,
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